Convergence of SGD

Notation

For w € RY we write f(w) € R. The Euclidean norm is ||| and the gradient of f is V£.

Lemma 1
If fis L-smooth, i.e. |[Vf(w) — VF(w)|| < L||lw — w/|| for all w, w’ € RY, then

f(w) < f(W)—i-(Vf(W),WI—W>+é||W,—W||2.

Proof. Define g(t) = f(w + t(w' — w)) for t € [0, 1].
Remark. g(0) = f(w) and g(1) = f(w'), so f(w') — f(w) = 01 g'(t)dt.

The chain rule gives ¢'(t) = (Vf(w + t(w' — w)), w' — w). Insert and subtract Vf(w):
g (t) = (Vf(w),w —w) + (VFf(w+ t(w —w)) = VF(w), w — w).

By Cauchy-Schwarz and L-smoothness, [(Vf(-) — VF(w), w' — w)| < Lt||w’ — w]|?. Hence

f(w) —f(w) < (VFf(w),w —w) + /1Lt||w’ —w|?dt = (VFf(w), w —w) + gHW/ —w|?
0



Set-up for SGD

Let {wt}t>0 C RY be the iterates of

Wit1 = Wi — QtJ, g: a stochastic gradient sample.

(1) fis L-smooth.
(2) E[g: | w¢] = VF(w;) (unbiasedness).
(3) E[|lg: — VF(w)|[?] < 0® (bounded variance).

(4) Stepsizes: > toq a¢ = +oo and Y52, af < oco.

Theorem 3

Under Definition 2,
. . 21
I|g|£f]E[||Vf(Wt)|| ]=o0.

Proof. Lemma 1 with w' = wy 11 = wy — a1 gy gives
La? 5
f(wep1) < F(we) —ae(VF(we), ge) + THQtH :
Taking conditional expectation and using (2)—(3),
o, Log 2 2
E[f(WtJrl) | Wt] < f(we) — ae|[VF(we) = + T(HVf(Wt)H +0o )

Hence
Lazo?
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E[f (wes1)] < E[f(we)] — at(l - %)E[HV!‘(Wt)Hz] +

Choose t such that 1 — % > % Summing from t =1 to T (telescoping) yields
T T
> o B[[VF(w)|P] < 2(E[f(wa)] — F*) + Lo* > o,
t=1 t=1

where f* :=inf,, f(w). Divide by Zthl ar and send T — oo; by (4) the denominator diverges while the

>~ a2 term stays finite, so the limit-inferior of the expected gradient norm must be 0. ]



